We perform a systematic operator product expansion of the most general form of the nucleon scattering tensor W µν including electromagnetic and weak interaction processes. Finite quark masses are taken into account and a number of higher-twist corrections are included. In this way we derive relations between the lowest moments of all 14 structure functions and matrix elements of local operators. Besides reproducing well-known results, new sum rules for parity-violating polarized structure functions and new mass correction terms are obtained.
I. INTRODUCTION
Deep inelastic lepton-nucleon scattering (DIS) provides the cleanest method to understand the internal structure of the nucleon [1] . Presently such measurements performed at HERA, CERN, SLAC, and other accelerators concentrate on electromagnetic DIS. Theoretically weak interaction processes can provide valuable additional information [2] , allowing e.g. a flavor decomposition of structure functions.
Such experiments are extremely difficult and require careful and detailed analysis, but the possible scientific progress justifies a serious consideration of them [3] .
All DIS experiments aim at measuring the structure functions of the nucleon. In the framework of operator product expansion (OPE), moments of structure functions can be related to nucleon matrix elements of well defined local operators which have to be calculated nonperturbatively, e.g. in lattice QCD [4] . In some cases those matrix elements occur in other strong interaction processes and sum rules can be derived.
The polarized Bjorken sum rule [5] , relating nucleonic β-decay and the first moment of the polarized spin structure function dxg 1 (x), is an especially interesting case.
Such sum rules offer a convincing way of testing perturbative and non perturbative QCD.
With the accuracy of QCD tests reaching the per cent or even per mille level, the higher-twist contributions to DIS become relevant. While quite a number of theoretical investigations on their form exists scattered in the literature, no systematic presentation of all contributions up to the second order in the expansion of the fermion propagator within the formalism of OPE has been given so far. As compared to the interactionless quark parton model used in the analysis of [3] , the OPE formalism is of general validity and includes the QCD interactions. This can be seen in the fact that within the framework of the quark parton model [3] obtains for example g γ 2 (x) = 0, while the OPE predicts Our main results are new higher-twist and quark mass corrections to existing sum rules and new sum rules of Bjorken-and Burkhardt-Cottingham-type for parity non-conserving structure functions.
II. DEFINITIONS AND SPIN DECOMPOSITION
coupling constant. The weak interaction coupling constants are absorbed into the lepton (L µν ) and nucleon (W µν ) scattering tensors.
These tensors can be written in the following form: 
The index P r = γ, Z 0 , W + , W − indicates the process under consideration. The lepton current is labeled by L and the hadronic one by H. k µ is the four-momentum of the incoming lepton and σ µ its spin. k ′ µ and σ ′ µ are four-momentum and spin of the outgoing lepton. The nucleon four-momentum is p µ , (p 2 = M 2 ) and λ = ±1/2 denotes its polarization (cf. figure 1 ). Let S µ be its spin vector , then according to [10] W (P r) µν (q, p, S) =
with the spin density matrixρ
and S µ = (0, S) in the rest frame of the target (S 2 = −M 2 , S · p = 0). We use covariant normalization for the lepton states kσ|k
where l ∈ {e − , µ − , τ − , ν e , ν µ , ν τ }, e ∈ {e − , µ − , τ − } and ν ∈ {ν e , ν µ , ν τ }. The nucleon current is written as
The constants V and A follow from the standard model (see for example [11] ). Q f is the electromagnetic quark charge and f runs over all flavors. All quark states considered here are mass eigenstates, i.e. Cabbibo-Kobayashi-Maskawa mixing [12] is suppressed for the sake of a compact notation. To simplify notation we suppress the obvious flavor indices V ± ud → V ± in the following.
A slight modification arises for the γ and Z 0 interference terms.
Using Lorentz covariance and time-reversal invariance the nucleon scattering tensor
µν (q, P, S) can be expressed in terms of 14 structure functions [2] (In our sign convention all ǫ structures are multiplied by −i.):
Here ν = p · q and x = Q 2 /(2ν). Furthermore the vectorsp µ = p µ + q µ ν/Q 2 , and 
µν (x) = 1 8πi
with ω = 1/x = 2ν/Q 2 . In the following we deal with crossing-even and crossing-odd
where
. Note that the formal equation (13) is only valid for certain moments of the structure functions because its derivation requires for closing the integration contour according to fig. 2 for the n-th moment
This condition if fulfilled in the case of the crossing-even amplitudes such as T To analyze the Compton forward scattering amplitude
we insert the nucleon currents Eq.(8) which we now write in the general form
Note that Γ µf f ′ = Γ µf ′ f . Restricting ourselves for the moment to the handbag diagram (cf. figure 3 ) we write
Here S f (ξ, 0) is the fermionic propagator in the external field approximation for a quark with flavor f . In the Schwinger formalism for calculations in external fields as
proposed by Shuryak and Vainshtein [6] , (18) can be written as
with P µ = i∂ µ + gA µ . Such an expression is very conveniently expanded in powers of
This is the starting point of our OPE analysis. Inserting the expansion in (19) it immediately becomes clear that for f = f ′ all odd terms in j are symmetric under exchange of µ and ν and thus contribute to the unpolarized structure functions, while all even terms in j are antisymmetric contributing to the polarized structure functions.
Finally, to define twist the different Lorentz structures are classified according to their spin. Although this is standard in principle some ambiguities enter for more than two Lorentz indices. To avoid confusion we state explicitly the decomposition we use in appendix A.
III. PHOTON AND Z 0 EXCHANGE
In this section we perform the decomposition of the virtual forward Compton scattering amplitude for Z 0 exchange. The corresponding expression for γ exchange can simply be obtained by setting V f → Q f and A f → 0. For parity-even quantities γ and Z 0 exchange always interfere. The interference term is given by
We will now proceed as in [6] and [15] except for using a different classification of matrix elements. The virtual forward Compton scattering amplitude for γ and Z 0 exchange reads
Expanding in (P / − m f )/Q according to (20) we get for the zeroth order term
where the identity
was used and the following matrix elements were defined:
The classification of matrix elements is to be understood as follows 
The spin of the operator is s = 3 + m − t. The chirality of an operator is said to be even if
holds. The other case, with the positive sign, indicates chiral odd operators. The contribution of first order is symmetric in µ and ν. It reads:
We decompose the above expression into operators of well defined spin, which are parametrized in terms of reduced matrix elements. We write the result in a way matching the decomposition structure of the nucleon scattering tensor W µν . In this way we get
For the matrix element a The contribution of second order in 1/Q is antisymmetric in µ and ν. It reads
and can be decomposed into
Here we use the following relations that result from the equation of motion P / q f = m f q f :
The totally antisymmetric spin-0 part has to be treated separately. It can be transformed in the following way (Note, that these equations are only valid when sandwiched between pS|q f (0) and q f (0)|pS .):
With the definition of the dual gluonic field strength tensor igG στ = i
ǫ στ αβ [P α , P β ] and the equation of motion the operators P 2 γ σ and P 2 γ σ γ 5 can be transformed into a mass component and a gluonic component. In terms of matrix elements this transformation reads:
where the reduced matrix elements are listed in appendix A. Here also a second relation is derived:
Collecting all terms we get for the second order of our expansion in (P / − m f )/Q:
In the case of W − exchange we use the current
where the ellipsis denotes currents involving heavier quarks. For simplicity we will discuss only the u → d current. For other flavors the relations look just the same.
The equation analogous to (22) is then given by
where the expansion in P / − m f becomes more complicated since two different flavors are involved. In each order symmetric and antisymmetric terms appear. For the zeroth order term of the expansion we have
The fact that in first order of the expansion we get contributions to current nonconserved structure functions, namely F 4 , F 5 , b 2 , and a 4 is due to an incomplete definition of T µν . Indeed, in zeroth order no quark masses appear and consequently, both the vector and the axial vector current should be conserved, requiring
The terms proportional to F 4 , F 5 , b 2 , and a 4 are therefore unphysical and must be subtracted. In this sense our result (43) has to be rewritten in a form where only current-conserved contributions occur:
This phenomenon arises only in the first order of expansion. Formally it comes from unphysical contact terms (seagull terms) generated by derivatives acting on the theta function in the time ordered product [16] . In this way we obtain, expanding the propagator to first order
The expression for the second order term
is again decomposed into components antisymmetric and symmetric in µ and ν. The latter one reads:
The corresponding antisymmetric part differs from the Z 0 case only by the mass terms and, of course, by a factor 1/2.
We have discussed matrix elements up to twist 4. At this twist level the cat ear diagram (see figure 4) Let us add some comments to these tables:
1.) The index f runs over all quark and antiquark flavors, i.e. f = u, u, d, d, . . .
Due to the opposite helicity of quarks and antiquarks we have
Furthermore, we use in the case of neutrino scattering for the weak coupling constants the abbreviation
and for brevity, in the case of W ± -exchange, we introduce the following flavor combinations: S (singlet), V (valence) and furthermore the combinations ∆S and ∆V .
The relations between these flavor combinations and the symmetries of the amplitudes are presented in table V.
To simplify the mass terms we define
and analogous expressions for V, ∆ S, and ∆ V.
The constant C appearing in table III for the polarized Bjorken sum rule has the value C = 1 3
Isospin T 3 and baryon number B are given by f =u,c,t
f =u,c,t
Finally we note that we do not include here the radiative corrections and chose for simplicity the normalization point to be µ 2 = Q 2 .
2.) The twist-2 matrix element of the tensor operator (−i)σ µν determines the transversity distribution h 1 [17] and does not appear at leading twist in deep inelastic lepton nucleon scattering. As a chiral-odd operator it is related to spin-flip processes which are always suppressed by the quark mass. As may be expected beforehand this operator determines the polarized structure function g 3 which is related to a non-conserved current and vanishes identically for massless quarks.
3.) The simplest scalar twist-3 operator is the scalar operator
which for the flavor combination (m u + m d )(ūu +dd) is known as the σ-term, giving rise to a sum rule for F 4 which, however is expected to be divergent due to a Regge analysis [17] . Since the scalar operator is chiral odd it will appear in deep inelastic scattering only if quark masses are not ignored.
4.) The twist-3 quark-gluon-quark correlator
(often referred to as d (2) ) contributes to the first moment of g 1 and the third moment of g 2 . This operator contributes also higher-twist terms to a 1 and a 2 .
5.) The twist-4 quark-gluon-quark correlators
contributes to g 1 and a 1 and this matrix element is commonly referred to as f (2) .
The spin independent twist-4 operator defined as
gives a higher-twist corrections to the Gross-Llewellyn Smith sum rule. (The matrix element of the analogous twist-3 operator vanishes due to its symmetry properties,
.) It is possible to relate the higher-twist contributions for the second moment of g 2 to the structure function g 3 and to obtain an interesting relation, which reads
7.) We cannot confirm the relation a 2 (x) = 2xa 1 (x) for Q 2 → ∞, which was claimed in [2] , but rather reproduce the relation found by Ravishankhar [28] :
8.) For the polarized parity-non-conserving structure functions we found a relation similar to the polarized Bjorken sum rule:
While the current non-conserved structure functions, i.e. a 4 , a 5 , and b 2 , will hardly be measurable in practical experiments, the current conserved structure functions a 1 , a 2 and b 1 should be experimentally accessible [3] . They give interesting additional information on the structure of the nucleon.
9.) We would like to stress that the operators connected with a measure important properties of the nucleon, namely contributions of the collective color electromagnetic field to the spin and to the momentum of the nucleon. In the rest system S α = (0, S), p α = (M, 0) the spin-dependent operators can be written as [18] pS| j a · B|pS = 0 ,
where j µ a = −gqγ µ t a q denotes the quark current, B σ a the color magnetic field, and E σ a the color electric field. a were calculated in relativistic quark models such as the MIT bag model [19] as well as in the framework of QCD sum rules [21, 20, 18] making it possible to estimate the strength of the color electric and magnetic fields within the nucleon separately.
Analogously, for the axial vector current j µ a5 = −gqγ µ γ 5 t a q we get
The two operators j a5 × E a and B a j 0 a5 determine a vector direction. As in the nucleon rest frame the only distinct direction is given by the spin, which is an axial vector, the matrix elements of j a5 × E a and B a j 0 a5 must vanish. We would like to point out, that the only nonvanishing matrix element in this context, namely a (2,4) f , determines the higher-twist corrections to the Gross-Llewellyn Smith sum rule and was calculated in the QCD sum rule approach in [22] .
VI. SUMMARY AND CONCLUSIONS
In this paper we have presented a complete analysis for the first moments of the structure functions of the nucleon scattering tensor for γ, Z 0 , and W ± exchange. All our calculations include the effects of finite quark masses.
Besides reproducing well-known results we found the relation
and obtained a new (as far as we know) sum rule for a 1 , analogous to the polarized Bjorken sum rule:
The extension of our work to the third order in P / − m f will require a consistent treatment of the cat ear diagrams.
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APPENDIX A: DEFINITION OF THE MATRIX ELEMENTS
For the sake of brevity we introduce the notation of the totally symmetric tensor
vanishes for the same index combinations as ǫ α 1 α 2 α 3 α 4 , and whenever there is an index combination such that ǫ α 1 α 2 α 3 α 4 = ±1, then s α 1 α 2 α 3 α 4 = 1. All other conventions are taken from [14] .
i) g µν has spin 0.
ii) Each Lorentz vector P µ and γ µ has spin 1.
iii) The operator P µ γ ν can be decomposed into a symmetric and traceless spin-2 part, an antisymmetric spin-1 part, and a spin-0 part according to
iv) The operator P α P β γ γ is decomposed into spin-3, spin-2, spin-1 and spin-0 parts. There is one ambiguity in the definition of the spin-0 part: Sandwiched between nucleon states, it can be transformed into a spin-1 operator via the equation of motion (see Eqns. (33-35)).
v) For the operator γ α γ β P γ the situation is essentially the same as in iv), however, this operator has no spin-3 part due to the fact that different gamma matrices anticommute.
f 5− is connected to the first moment of the parton distribution h 1 (x) which is proportional to the structure function G 3 (x).
Rank-three tensor operators
The operators P α P β γ σ and γ α γ β P σ have to be considered.
Again, only the operator with γ 5 has a nonvanishing matrix element, i.e.:
By means of the equation of motion we get:
The parametrization of the spin-3 part is straightforward:
In the spin-2 contribution the gluonic field strength tensor comes into play due to the following two identities:
and
Again, one of the two possible matrix elements is zero
This implies that the gluonic matrix element is zero as well. In the other case we have for the gluonic representation and for the representation in terms of covariant derivatives:
These two representations are equivalent except for mass terms. Explicitly one has the identity
For the spin-0 contribution there exists also a transformation between a gluonic representation and a representation in form of covariant derivatives only:
and analogously
where we have to insert the free massless fermion-propagator. D ab ρσ (z 1 , z 2 ) is the gluonic propagator connecting the "ears" of the cat ear diagram. t a , a = 1, . . . , 8 denote the color matrices (tr(t a t b ) = δ ab /2). In that way we obtain
The corresponding expression for the W − exchange is
(The case of W + exchange is obtained by exchanging the quark flavors.) Introducing reduced matrix elements of the occurring four-quark operators we finally get in zeroth order
where only the expression for the u → d flavor combination is given. Here the flavor independent matrix elements C
=/× are defined by
Note, that the cat ear diagram (B4) is symmetric in µ and ν. Therefore in zeroth order of P / − m f it gives only twist-4 and twist-6 contributions to structure functions associated with symmetric Lorentz structures, such as F 1 and F 2 . Since in the required approximation quark masses do not occur, the cat ear does not contribute to structure functions given by non-conserved currents. Therefore we find that cat-ear diagrams contribute only to the structure functions F 1 , F 2 , a 1 , and b 2 .
For the definition of the reduced matrix elements of the cat ear diagram we need the following definition of four-quark operators:
Note that for γ and Z 0 exchange f = f ′ , and in the case of W ± exchange we always
We then define the reduced matrix elements to be
Note, that the operatorsÔ XX,f f ′ ,Ô 5X,f f ′ ,Ô X5,f f ′ can be transformed by means of the equation of motion
where D α is the covariant QCD derivative and G a αβ the gluonic field tensor. However, as this operation cannot be applied toÔ 55,f f ′ , we did not perform it to keep a uniform notation. 
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